
11. Minkowski convex body theorem (01 August 2019).

1. Blichfeldt’s Lemma. Consider a set A ⊂ Rn of volume volA > 1. There exist two
different points x, y ∈ A such that x− y ∈ Zn.

2. Minkowski convex body theorem.Let Ω ⊂ Rn be a bounded convex 0-symmetric set of
the volume vol Ω > 2n. Then there exists a non-zero integer point which belongs to Ω.

3. Mordell’s proof of Minkowski Theorem: application of pigeon-hole principle to the set of
rational points from

1

q
Zn ∩ Ω.

Exercises.

1. Prove statements of Exercises 2 and 3 from Sheet 1 (15July2019) by means of Minkowski
theorem.

2. Theorem on linear forms. Consider linear forms

Lj(x) = Lj(x1, ..., xn) =
n∑

i=1

αi,jxi, 1 ≤ j ≤ n

with determinant ∆ = det (αi,j)1≤i,j≤n. Suppose that positive εj, 1 ≤ j ≤ n satisfy

ε1 · · · εn ≥ |∆|.

Then the system of inequalities

|L1(x)| ≤ ε1, |Lj(x)| < εj, 2 ≤ j ≤ n

has a non-zero integer solution x = (x1, ..., xn) ∈ Zn.

3. Consider linear forms

Lj(x) = Lj(x1, ..., xm) =
m∑
i=1

αi,jxi, 1 ≤ j ≤ n

Prove that for any X ≥ 1 there exists x = (x1, .., .xm) ∈ Zm such that

max
1≤j≤n

||Lj(x)|| < X− n
m , 1 ≤ max

1≤i≤m
|xi| ≤ X.

4. About Diophantine constant. Let α1, ..., αn be real numbers
a. Prove that for any M, t > 0 the set

Ω(M,T ) = {(x, y1, ..., yn) ∈ Rn+1 : t−n|x|+ nt max
1≤i≤n

|yi − αix| ≤M}

is convex, compact, 0-symmetric and has volume

(2M)n+1

(n+ 1)nn
.
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b. Prove that if (x, y1, ..., yn) ∈ Ω(M,T ) and

t−n|x| 6= t max
1≤i≤n

|yi − αix|,

then

|x|
(

max
1≤i≤n

|yi − αix|
)n

<

(
M

n+ 1

)n+1

.

c. Prove that there exist infinitely many q ∈ Z+ with

q
1
n max

1≤i≤n
||αiq|| ≤

n

n+ 1
.

5. There exist infinitely many q ∈ Z+ such that

q
n∏

i=1

||αiq|| <
n!

(n+ 1)n
.
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