
9. Irrationality measure functions (29 July 2019).

1. For a real α consider theordinary irrationality measure function

ψα(t) = min
1≤x≤t, x∈Z

||xα||,

Lagrange constant
λ(α) = lim inf

t→+∞
t · ψα(t),

and Dirichlet constant
d(α) = lim sup

t→+∞
t · ψα(t).

What is the maximal and minimal possible values of value of λ(α) and d(α)?

The Lagrange spectrum L is defined as

L = {λ ∈ R : there exists α ∈ R such that λ = λ(α)}.

The Dirichlet spectrum D is defined as

D = {d ∈ R : there exists α ∈ R such that d = d(α)}.

Define
ξν = ||qνα|| = |qνα− pν |.

2. Minkowski function. Recall the Legendre theorem on continued fractions. This theorem
says that if ∣∣∣∣α− A

Q

∣∣∣∣ < 1

2Q2
, (A,Q) = 1 (1)

then the fraction A
Q

is a convergent fraction for the continued fraction expansion of α. The
converse statement is not true. It may happen that A

Q
is a convergent to α but (1) is not valid.

We consider the sequence of the denominators of the convergents to α for which (1) is true.
Let this sequence be

Q0 < Q1 < · · · < Qn < Qn+1 < · · · .

Then for α 6∈ Q the function µα(t) is defined by

µα(t) =
Qn+1 − t
Qn+1 −Qn

· ||Qnα||+
t−Qn

Qn+1 −Qn

· ||Qn+1α||, Qn ≤ t ≤ Qn+1.

Note that for every ν one of the consecutive convergent fractions pν
qν
, pν+1

qν+1
to α satisfies (1). So

either
(Qn, Qn+1) = (qν , qν+1)

for some ν and
||Qnα|| = ξν , ||Qn+1α|| = ξν+1,

or
(Qn, Qn+1) = (qν−1, qν+1)
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for some ν and
||Qnα|| = ξν−1, ||Qn+1α|| = ξν+1,

How this function is related to the Minkowski theorem form Sheet 8 (No. 7)?

3. Define
m(α) = lim sup

t→+∞
t · µα(t).

What is the minimal and the maximal value of m(α)?

Exercises.

1. Prove that
a.

qνξν =
1

α∗ν + αν+1

=
1

(α∗ν+1)
−1 + (αν+2)−1

=
α∗ν+1αν+2

α∗ν+1 + αν+2

;

b. ξν/ξν+1 = αν+2;
c. ξν+1 = ξν−1 − aν+1ξν ;

2. Prove that ψα(t) ≤ 1/t for all t.

3. Find λ(αN) and d(αN), where αN = [N ].

4. Prove that there exist a sequence tν →∞, such that

ψ√2(tν) > ψ(
√
5+1)/2(tν),

and that there exist a sequence rν →∞, such that

ψ√2(rν) < ψ(
√
5+1)/2(rν),

5. What is lim inft→+∞ t · µα(t)?

6. Find m(α) for α =
√
2 and α = 1+

√
3

2
= [1; 2, 1, 2, 1, 2, 1, ...].

7. Prove that
µ√2(tν) < µ(

√
5+1)/2(tν), ∀t ≥ 1.
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